CH. 1: Analysis and MATLAB Practice of Planar Robots

CH. 1: Analysis and MATLAB Practice of Planar Robots

[1] Position Analysis and MATLAB Practice
(1) 2-DOF serial robot
(2) 3-DOF serial robot
(3) 5-bar robot
(4) 3-DOF parallel robot

[2] Velocity and Statics Analysis and MATLAB Practice
(1) 2-DOF serial robot
(2) 3-DOF serial robot
(3) 5-bar robot
(4) 3-DOF parallel robot
(5) MATLAB practice

[3] Dynamics Analysis and MATLAB Practice
(1) Introduction
(2) 1-DOF equation of motion
(3) Dynamic Analysis of the 2-DOF serial robot
(4) MATLAB practice
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CH. 1: Analysis and MATLAB Practice of Planar Robots

[1] Position Analysis and MATLAB Practice

(1) 2-DOF serial robot

| P |
| woiveras | ‘ l

=l 90.000

Fig. 1: Planar 2-DOF serial robot.

1) D-H Parameters

Jointi o, q di ¢9i
1 0 a, 0 6,
2 0 a, 0 0,

- Link lengths: a =100, a, =100 mm
- Homogeneous transformation matrix:

(Formula) A =Trans(z,,,d,)Rot(z,_,,8)Trans(x,,a )Rot(x, ;)

cg, -s6¢ 0 aco cd, —-s6, 0 a,co,
0 s, c6 0 asf | , s¢, c0, 0 a,so,
A% o1 o' ®*o 0 1 o |
0o 0 0 1 0 o 0 1
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CH. 1: Analysis and MATLAB Practice of Planar Robots

Celz _Celz
OA _OA 1A _ S912 56)12
A="AA=T
0 0

2) Forward kinematics

0 acH +a,ch,
0 asé +a,s6,

1
0

px O a1C(91 + a2C‘912
P, _ OAz 0 _ a,;sé, +a,so,
P, 0 0
1 1 1

3) Inverse kinematics

C‘912 _0912

opn _
Az_oo

0 0

- From (1,4) and (2,4) elements of Eq. (3),

Py = a1C61 + azcglz
p, = a,s6, +a,s0,

- 6, can be eliminated by taking the square of Eqg. (4) and Eq. (5) and taking the sum.

Py +p; =a/ +a; +2a,a,ch,

- Solving Eq. (6) for 6, gives

0, =cos™ k

0 acd +a,ch,
5912 5012 O alsel + a'28012

1

0

0
1

0
1

Cp
S¢
0
0

—S¢
Cp

o b O O

Py

1)

(2)

(3)

(4)
()

(6)

(")

Modeling, Design, and Control of Robotic Mechanisms (MathWorks/Kyungnam Univ.) -3-

© 06



CH. 1: Analysis and MATLAB Practice of Planar Robots

2 2 2 2
Py t py -4, —a,
2a,a, '

where, «k =

- The solution of Eq. (7) can be classified into three cases. (1) two distinct real roots |K| <1,
(2) one double root |x|=1, (3) no real roots |x|>1. As shown in Fig. 2, there are two

solutions, @, and -6, (7>6,>0). When 6, =6, , the solution is called elbow-down

configuration. When @, = -6, it is called elbow-up configuration. When |K|:1, the
arm is stretched-out or stretched —in. When |/<| >1, it is out of workspace.

- Once 0, isobtained, &, can be determined by expanding Eqg. (4) and Eqg. (5) as follow.

(a1 + aZCHZ)CHl - (aZSez)Sel = Py (8)
(32892)C491 + (a1 + 6.206?2)8491 =P, 9)

- Solving Eq. (8) and Eq. (9) for cd, and s@, yields

g (8, +2,¢6,) p, +a,56,p,
) =
A
0 = —828(92 Py + (a1 + a2c492) py
) =
A

(10)

where A =a’+a’ +2a,a,ch,.

- Asingle solution of &, for given 6, is obtained by

6, = Atan2(sé,,c6,) (11)
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® End—-effector

(Elbow down)

Oo

= X0

Fig. 2: Two possible inverse kinematics solutions.
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CH. 1: Analysis and MATLAB Practice of Planar Robots

4) MATLAB Example

[skm_2dof_cal.m]

% Main Function %
function []J=skm_2dof cal()
clc;

D2R=pi/180; R2D=180/pi;
al=100; a2=100;

% [alpha, a, d] %
param=[0,a1,0; 0,a2,0];

% (1) Forward Kinematics %
th=D2R*[0,90]";
T02=forward_kinematics(th, param);
pos=T02(1:2,4);

disp('(1) Forward Kinematics:");
disp(‘Joint angles [deg]:");
disp(R2D*th");

disp(‘Position [mm]:");
disp(pos’);

% (2) Inverse Kinematics %
pos=[100, 1007}
[th]=inverse_kinematics(pos, param);
disp('(2) Inverse Kinematics:');
disp(‘Position [mm]:");

disp(pos’);

disp('Joint angles [deg]:");
disp(R2D*th");

% Forward & Inverse Kinematics %

%-------- Forward Kinematics

function T=forward_kinematics(th, param)

T=Transformation(th(1,1), param(1,:))*Transformation(th(2,1), param(2,:));
%p-------- Inverse Kinematics

function [th, w_index]=inverse_kinematics(pos, param)

w_index=1; % In workspace %

al=param(1,2); a2=param(2,2);

% (1) Calculate th2 %
px=pos(1,1); py=pos(2,1);
kapha=(px"2+py"2-al”2-a2"2)/(2*al*a2);
if abs(kapha)>1
w_index=-1; % Out of Workspace %
kapha=1;
end
th2=+acos(kapha); % Elbow Down %
%th2=-acos(kapha); % Elbow Up %

% (2) Calculate thl %
delta=al”2+a2"2+2*al*a2*cos(th2);
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CH. 1: Analysis and MATLAB Practice of Planar Robots

cthl=(px*(al+a2*cos(th2))+py*a2*sin(th2))/delta;
sthl=(-px*a2*sin(th2)+py*(al+a2*cos(th2)))/delta;
thl=atan2(sthl, cthl);

th=[th1, th2]";

% Homogeneous Transformation Matrix %
%-------- D-H Transformation Matrix

function [T]=Transformation(th, param)
alpha=param(1); a=param(2); d=param(3);
T=Trans([0,0,d])*Rotz(th)*Trans([a,0,0]")*Rotx(alpha);
%p------- Rotation matrix about the X-axis

function [T]=Rotx(th)

cx=cos(th); sx=sin(th);

T=[1,0,0,0; 0,cx,-sx,0; 0,sx,cx,0; 0,0,0,1];

%------- Rotation matrix about the Z-axis

function [T]=Rotz(th)

cz=cos(th); sz=sin(th);

T=[cz,-sz,0,0; sz,cz,0,0; 0,0,1,0; 0,0,0,1];

%-------- Translation along the X, y, z axes
function [T]=Trans(p)

T=[1,0,0,p(1,1); 0,1,0,p(2,1); 0,0,1,p(3,1); 0,0,0,1];

[2dZn

(1) Forward Kinematics:
Joint angles [deg]:

0 90
Position [mm]:
100 100

(2) Inverse Kinematics:
Position [mm]:

100 100
Joint angles [deg]:
0 90

[skm_2dof.m & skm_2dof vrml]

%% Main Function %%
function skm_2dof

%------- Figure settings
figure('KeyPressFcn',@key_callback);

%------- Figure Settings
%view(125,25); axis square
axis([-200, 200, -200, 200]);
xlabel('x-axis"); ylabel('y-axis");
grid on;

%% Keyboard Interrrupt %%
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CH. 1: Analysis and MATLAB Practice of Planar Robots

function key_callback(obj,event)
cla; % Erase the current figure %
persistent pos ang th

D2R=pi/180; R2D=180/pi;
dpos=5; dth=5*D2R;
al=100; a2=100;
param=[0,a1,0; 0,a2,0];

if isempty(pos), pos=[al,a2]’; end
if isempty(ang), ang=90*D2R; end
if isempty(th), th=[0,90*D2R]'; end

key=event.Character;

switch key
case '1', th(1,1)=th(1,1)+dth; index=1; % +th1 Movement %
case 'q', th(1,1)=th(1,1)-dth; index=1; % -thl Movement %
case '2', th(2,1)=th(2,1)+dth; index=1; % +th2 Movement %
case ‘W', th(2,1)=th(2,1)-dth; index=1; % -th2 Movement %
case 'a', pos(1,1)=pos(1,1)+dpos; index=2; % +X Movement %
case 'z', pos(1,1)=pos(1,1)-dpos; index=2; % -X Movement %
case 's', pos(2,1)=pos(2,1)+dpos; index=2; % +Y Movement %
case ‘X', pos(2,1)=pos(2,1)-dpos; index=2; % -Y Movement %

case 'p', pos=[al,a2]’; th=[0,90*D2R]’; index=1; % Original Pos & Orien %
otherwise
disp('Not Proper Key'"); index=1;
end

% Draw the Fixed Frame %
sc_f=50; draw_frame(eye(4,4), sc_f); % Fixed Frame %

switch index
case 1, % Forward Kinematics %
T02=forward_kinematics(th, param);
pos=T02(1:2,4);
case 2, % Inverse Kinematics %
[th_c, w_index]=inverse_kinematics(pos, param);
if w_index==1, th=th_c; end
end

% Draw a 2-DOF Planar Robot %
draw_2dof_robot(th, param);

clc;

disp('px[mm], py[mm]’);

disp(pos’);

disp(‘th1[deg], th2[deg]);
disp(R2D*th");

disp(‘Transformation Matrix");
T02=forward_kinematics(th,param);
disp(T02);

%% Forward & Inverse Kinematics
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CH. 1: Analysis and MATLAB Practice of Planar Robots

%-------- Forward Kinematics
function T=forward_kinematics(th, param)
T=Transformation(th(1,1), param(1,:))*Transformation(th(2,1), param(2,’));

%-------- Inverse Kinematics

function [th, w_index]=inverse_kinematics(pos, param)
w_index=1; % In workspace %

al=param(1,2); a2=param(2,2);

% (1) Calculate th2 %
px=pos(1,1); py=pos(2,1);
kapha=(px"2+py”~2-al”2-a2”2)/(2*al*a2);
if abs(kapha)>1
w_index=-1; % Out of Workspace %
kapha=1;
end
th2=+acos(kapha); % Elbow Down %
%th2=-acos(kapha); % Elbow Up %

% (2) Calculate thl %
delta=al*2+a2/2+2*al*a2*cos(th2);
cthl=(px*(al+a2*cos(th2))+py*a2*sin(th2))/delta;
sthl=(-px*a2*sin(th2)+py*(al+a2*cos(th2)))/delta;
thl=atan2(sthl, cthl);

th=[th1, th2]";

%-------- D-H Transformation Matrix

function [T]=Transformation(th, param)
alpha=param(1); a=param(2); d=param(3);
T=Trans([0,0,d])*Rotz(th)*Trans([a,0,0]")*Rotx(alpha);

%% Draw Primitives %%

%-------- Draw a 3-DOF Planar Robot
function draw_2dof_robot(th, param)

% Draw the First Link %
TO1=Transformation(th(1,1), param(1,:));
p1=[0,0,0]; p2=T01(1:3,4);

lw=10; cIr=[0.5,0.1,0.1];
draw_line(p1,p2,lw,clr);

% Draw the Second Link %
T02=T01*Transformation(th(2,1), param(2,:));
pl1=T01(1:3,4); p2=T02(1:3,4);

lw=10; clr=[0.1,0.5,0.1];
draw_line(p1,p2,lw,clr);

% Draw the Moving Frame & Box %
sc_f=50; draw_frame(T02, sc_f/5);
sc_b=5; draw_box(T02, sc_b);

| — Draw a Frame

function draw_frame(T, sc)

p1=T*[0,0,0,1]; p2=T*[s¢,0,0,1]'; Iw=2; clr=[1,0,0];
draw_line(p1,p2,lw,clr);

p1=T+[0,0,0,1]'; p2=T*[0,s¢,0,1]; Iw=2; cIr=[0,1,0];
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CH. 1: Analysis and MATLAB Practice of Planar Robots

draw_line(p1,p2,lw,clr);
p1=T%*[0,0,0,1]"; p2=T*[0,0,sc,1]’; lw=2; clr=[0,0,1];
draw_line(p1,p2,lw,clr);

%------- Draw a Line
function draw_line(p1, p2, Iw, clr)
line([p1(1,1),p2(1,1)],[p1(2,1),p2(2,1)],[p1(3,1),p2(3,1)], LineWidth’,Iw,'Color',clr);

%------ Draw a Box %%% Multifaceted Patches
function draw_box(T, sc)
vt0=[0,0,0,1; sc,0,0,1; sc,sc,0,1; 0,sc,0,1; 0,0,sc,1; sc,0,sc,1; sc,sc,sc,1; 0,s¢,s¢,1];
fm=[1,2,6,5; 2,3,7,6; 3,4,8,7;4,1,5,8; 1,2,3,4; 5,6,7,8];
vt1=T*vt0; vm=vt1(1:3,:)";
patch('Vertices',vm,'Faces',fm,...
'FaceVertexCData',gray(8), FaceColor', flat");

%% Homogeneous Transformation Matrix %%
%------- Rotation matrix about the X-axis
function [T]=Rotx(th)

cx=cos(th); sx=sin(th);

T=[1,0,0,0; 0,cx,-sx,0; 0,sx,cx,0; 0,0,0,1];

%------- Rotation matrix about the Y-axis
function [T]=Roty(th)
cy=cos(th); sy=sin(th);
T=[cy,0,sy,0; 0,1,0,0; -sy,0,cy,0; 0,0,0,1];

%------- Rotation matrix about the Z-axis
function [T]=Rotz(th)
cz=cos(th); sz=sin(th);
T=[cz,-sz,0,0; sz,cz,0,0; 0,0,1,0; 0,0,0,1];

| —— Translation along the X, y, z axes
function [T]=Trans(p)
T=[1,0,0,p(1,1); 0,1,0,p(2,1); 0,0,1,p(3,1); 0,0,0,1];

J® 2.DOF 2 o O [
File View Viewpoints Mavigation Rendering Simulation Recording Help e
Viewpointl ~|bamine »J P | L d g |l B = HE

y-axis
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CH. 1: Analysis and MATLAB Practice of Planar Robots

(2) 3-DOF serial robot

=] a3y

ZoEIAE: [ w

Fom s | 0=

zomsAs: | e

Fig. 3: Planar 3-DOF serial robot.

1) D-H Parameters

Joint i a a, d, 0,
1 0 a 0 6,
2 0 a, 0 0,
3 0 a, 0 o,

- Link lengths: a =100, a, =70, a, =50 mm

- Homogeneous transformation matrix:

cd, —s6, 0 ach cd, —-s6, 0 a,ch,
on |%G ¢ 0 asé| , |sf, cb, 0 a,sh,
Ao o1 o *lo 0 1 o |
0o 0 0 1 0 0o 0 1

Modeling, Design, and Control of Robotic Mechanisms (MathWorks/Kyungnam Univ.) -11-

© 00




CH. 1: Analysis and MATLAB Practice of Planar Robots

cd, -sO, 0 a,co,
', = s, cb, 0 a,s6,
o o 1 o |
0 0O 0 1
CHJ.ZS _C0123 0 81C01 + a‘ZCHlZ + asc‘9123
0 0pl 2 S6123 50123 O aisel + 3-25612 + a3519123
p— —_ 1
A=AAA= 0 1 0 1)
0 0 0 1
2) Forward kinematics
a, 0 a,co, +a,ch, +a,co,,
dy :OAS 0 _ &S0, +a,50,, + 83506, )
q, 0 0
1 1 1
3) Inverse kinematics
COp —COp 0 ach +a,C0, +a,C0p, cp —-s¢ 0 q,
oA3 _ SO, SO 0 &St +a,50, +a;50,, _ s cg 0 ay 3)
0 0 1 0 0 0 1 O
0 0 0 1 0 0 0 1
Since cO,,=c¢ and sb,,, =S¢,
Oy =6,+06,+0,=¢ 4)

When p, =q,-a,c¢ and p,=q,6 —a,s¢ are calculated, the 3-DOF serial robot problem
is reduced to that of the 2-DOF serial robot.
p, =a,cé, +a,co, (5)
p, =a,s6 +a,50, (6)
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4) MATLAB Example
[skm_3dof.m & skm_3dof_vrml]

%% Main Function %%
function skm_3dof

%p------- Figure settings
figure('KeyPressFcn',@key_callback);

%p------- Figure Settings
%view(125,25); axis square
axis([-200, 200, -200, 200]);
xlabel('x-axis"); ylabel('y-axis');
grid on;

%% Keyboard Interrrupt %%

function key_callback(obj,event)

cla; % Erase the current figure %
persistent pos ang th

D2R=pi/180; R2D=180/pi;
dpos=5; dth=5*D2R;
al=100; a2=70; a3=50;
param=[0,a1,0; 0,a2,0;0,a3,0];

if isempty(pos), pos=[al,a2+a3]’; end
if isempty(ang), ang=90*D2R; end
if isempty(th), th=[0,90*D2R,0]'; end

key=event.Character;

switch key
case '1', th(1,1)=th(1,1)+dth; index=1; % +th1l Movement %
case 'q', th(1,1)=th(1,1)-dth; index=1; % -thl Movement %
case '2', th(2,1)=th(2,1)+dth; index=1; % +th2 Movement %
case 'w', th(2,1)=th(2,1)-dth; index=1; % -th2 Movement %
case '3', th(3,1)=th(3,1)+dth; index=1; % +th3 Movement %
case 'e', th(3,1)=th(3,1)-dth; index=1,; % -th3 Movement %
case 'a', pos(1,1)=pos(1,1)+dpos; index=2; % +X Movement %
case 'z', pos(1,1)=pos(1,1)-dpos; index=2; % -X Movement %
case 's', pos(2,1)=pos(2,1)+dpos; index=2; % +Y Movement %
case 'X', pos(2,1)=pos(2,1)-dpos; index=2; % -Y Movement %
case 'd', ang=ang+dth; index=2; % +ANG Movement %
case 'c', ang=ang-dth; index=2; % -ANG Movement %

case 'p', pos=[al,a2+a3]’; ang=90*D2R; th=[0,90*D2R,0]’; index=1; % Original Pos & Orien %
otherwise
disp('Not Proper Key'); index=1;
end

% Draw the Fixed Frame %
sc_f=50; draw_frame(eye(4,4), sc_f); % Fixed Frame %
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switch index
case 1, % Forward Kinematics %
TO03=forward_kinematics(th, param);
pos=T03(1:2,4); ang=atan2(T03(2,1),T03(1,1));
case 2, % Inverse Kinematics %
[th_c, w_index]=inverse_kinematics(pos, ang,param);
if w_index==1, th=th_c; end
end

% Draw a 3-DOF Planar Robot %
sc_r=100; draw_3dof _robot(th, param, sc_r);

clc;

disp(‘px[mm], py[mm], ang[deg]);
disp([pos(1,1), pos(2,1), ang*R2D]);
disp(‘th1[deg], th2[deg], th3[deg]);
disp([th(1,1), th(2,1), th(3,1)]*R2D);
disp('Transformation Matrix');
TO03=forward_kinematics(th,param);
disp(T03);

%% Forward & Inverse Kinematics

%p-------- Forward Kinematics

function T=forward_kinematics(th, param)

T=Transformation(th(1,1), param(1,:))*Transformation(th(2,1), param(2,:))*Transformation(th(3,1),
param(3,:));

%p-------- Inverse Kinematics

function [th, w_index]=inverse_kinematics(pos, ang, param)
w_index=1; % In workspace %

al=param(1,2); a2=param(2,2); a3=param(3,2);

% (0) Calculate TO3 %
T03=Trans([pos(1,1),pos(2,1),0])*Rotz(ang);

% (1) Calculate th2 %
gqx=T03(1,4); qy=T03(2,4);
cphi=TO03(1,1); sphi=T03(2,1);
px=gx-a3*cphi; py=qy-a3*sphi;
kapha=(px"2+py”~2-al”2-a2”2)/(2*al*a2);
if abs(kapha)>1
w_index=-1; % Out of Workspace %
kapha=1;
end
th2=+acos(kapha); % Elbow Down %
%th2=-acos(kapha); % Elbow Up %

% (2) Calculate th1 %
delta=al~2+a2/2+2*al*a2*cos(th2);
cthl=(px*(al+a2*cos(th2))+py*a2*sin(th2))/delta;
sth1=(-px*a2*sin(th2)+py*(al+a2*cos(th2)))/delta;
thl=atan2(sthl, cthl);

% (3) Calcuate th3 %
phi=atan2(sphi, cphi);
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th3=phi-(th1+th2);
th=[th1, th2, th3]’;

%-------- D-H Transformation Matrix

function [T]=Transformation(th, param)
alpha=param(1); a=param(2); d=param(3);
T=Trans([0,0,d])*Rotz(th)*Trans([a,0,0]")*Rotx(alpha);

%% Draw Primitives %%

%p-------- Draw a 3-DOF Planar Robot
function draw_3dof_robot(th, param, sc)
% Draw the First Link %
TO01=Transformation(th(1,1), param(1,:));
p1=[0,0,0]; p2=T01(1:3,4);

lw=10; cIr=[0.5,0.1,0.1];
draw_line(p1,p2,lw,clr);

% Draw the Second Link %
T02=T01*Transformation(th(2,1), param(2,:));
p1=T01(1:3,4); p2=T02(1:3,4);

lw=10; cIr=[0.1,0.5,0.1];
draw_line(p1,p2,lw,clr);

% Draw the Third Link %
T03=T02*Transformation(th(3,1), param(3,:));
p1=T02(1:3,4); p2=T03(1:3,4);

lw=10; cIr=[0.1,0.1,0.5];
draw_line(p1,p2,lw,clr);

% Draw the Moving Frame & Box %
sc_f=50; draw_frame(T03, sc_f/5);
sc_b=5; draw_box(T03, sc_b);

%p-------- Draw a Frame

function draw_frame(T, sc)

p1=T*[0,0,0,1]; p2=T*[sc,0,0,1]"; Iw=2; cIr=[1,0,0];
draw_line(p1,p2,lw,clr);

p1=T*[0,0,0,1]; p2=T*[0,s¢,0,1]'; Iw=2; cIr=[0,1,0];
draw_line(p1,p2,Iw,clr);

p].:T*[O,O,Oal]I; p2:T*[0,0,SC,1]'; |W:2, C|r=[0,0,l];
draw_line(p1,p2,Iw,clr);

%------- Draw a Line
function draw_line(p1, p2, Iw, clr)
line([p1(1,1),p2(1,1)].[p1(2,1),p2(2,1)].[p1(3,1),p2(3,1)], LineWidth',Iw,'Color’clr);

%------ Draw a Box %%% Multifaceted Patches
function draw_box(T, sc)
vt0=[0,0,0,1; sc,0,0,1; sc,sc,0,1; 0,sc,0,1; 0,0,sc,1; sc,0,s¢,1; sc,sc,sc,1; 0,s¢,s¢,1]';
fm=[1,2,6,5; 2,3,7,6; 3,4,8,7; 4,1,5,8; 1,2,3,4; 5,6,7,8];
vt1=T*vt0; vm=vt1(1:3,:)";
patch('Vertices',vm,' Faces',fm,...
'FaceVertexCData',gray(8), FaceColor', flat’);
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%% Homogeneous Transformation Matrix %%
%p------- Rotation matrix about the X-axis
function [T]=Rotx(th)

cx=cos(th); sx=sin(th);

T=[1,0,0,0; 0,cx,-sx,0; 0,sx,cx,0; 0,0,0,1];

%------- Rotation matrix about the Y-axis
function [T]=Roty(th)
cy=cos(th); sy=sin(th);
T=[cy,0,sy,0; 0,1,0,0; -sy,0,cy,0; 0,0,0,1];

%------- Rotation matrix about the Z-axis
function [T]=Rotz(th)
cz=cos(th); sz=sin(th);
T=[cz,-sz2,0,0; sz,cz,0,0; 0,0,1,0; 0,0,0,1];

%p-------- Translation along the X, y, z axes
function [T]=Trans(p)
T=[1,0,0,p(1,1); 0,1,0,p(2,1); 0,0,1,p(3,1); 0,0,0,1];

3002 =3 EER
File View Wiewpoints Mavigation Rendering Recoeding  Help

[

180

=l ® Lfeamne o d a o

y-axis
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(3) 5-bar robot

1) Inverse kinematics (Type I)

Fig. 4: Planar 5-bar (Type I) robot.

- Kinematic parameters: I, = AE =74, |, = AB=100, |, =BP =100+28=128

(e=CP=28mm), |, =CD =100, |, = DE =100

- The left vector-loop of the mechanism is first analyzed. The end-effector position is given

by

Py = |2C02 + |3C923 (1)
p, = 1,56, +1,56,, (2)

- Taking the sum of squares of Eq. (1) and Eq. (2), &, can be eliminated.
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p’ + pj =12 +17 +21,1,co, (3)

Solve Eq. (3) for &, gives

0, = (sign)cos " x;, (Elbow up) (4)
petpy =l -l; o o
where, x, = y . If the home position is the elbow-down configuration,

211,
sign is positive. Otherwise, sign is negative. Here, the elbow-up configuration is

selected, therefore, 6, =—cos™'x; .

6, can be solved by expanding Eq. (1) and Eq. (2) with respectto &, as follow.

(I, +1,c6,)ch, —(1,56,)s6, = p, )
(1,56,)c6, + (I, +1,¢6,)s0, = p, (6)

Solving Eq. (5) and Eq. (6) for c€, and s6@, yields,

0 _ (IZ + |3C03) px + I3SHZ py

2

Al
l,s6, I, +1.co. ()
0 =_3S 3px+(2+ 3C 3)py
2 Al
where A,=17 +1Z +2l,l.c8, O|C}.
- Asingle solution of &, for given 6, is obtained by
6, = Atan2(sé,,c6,) (8)

Next, the right vector-loop of the mechanism is analyzed. The point C is calculated by
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C,=P,—€Clu, C, =P

X

—€ S‘923 ©)

y
- Calculating the right vector-loop gives

c, =1 +1.c6, +1,co,, (10)
c, = 1s@, +1,s6,, (11)

y
- Taking the square of Eqg. (10) and Eq. (11) and taking the sum, &, can be eliminated.
(c, —1)*+ cj =12 +17 +2l,1,c6, (12)
- Solve Eq. (12) for 6, yields,

6, =+cos ™k, (Elbow down) (13)

2 2 2 2
(Cx_ll) +Cy_|5 _|6
21,

where, «, =

- ¢, can be solved by expanding Eq. (10) and Eq. (11) with respect to 6, as follow.

(I, +1,c6,)co, —(1,86,)s6, =c, |, (14)
(1,86,)cd; + (I +1,¢6,)s6; =c, (15)

- Solving Eq. (14) and Eq. (15) for c6, and s, yields,

g - (Is +1,¢0,)(c, 1) +1,50,c,

5
A
i (16)
-1,s6,(c, —1)+ (5 +1,c6,)c,
6, = y
2
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where A,=12 +17 +2l,,c6, .

- Asingle solution of 6, for given 6, is obtained by

6, = Atan2(sd,, cb,) a7

2) Inverse kinematics (Type I1)

Fig. 5: Planar 5-bar (Type I1) robot.

- Kinematic parameters: I, = AE =200, |, = AB=100, |,=BP =100+28=128

(e=CP=28mm), |, =CD =100, |, = DE =100
- The analysis is the same with that of the 5-bar (Type 1) robot except that the left vector-

loop is the elbow-down configuration. &, is determined by
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0, =+cos ' x;, (Elbow down) (4

4) MATLAB Example

B R e el
| | | | |
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| | | |
00 Lo ! -
i | T
. | | |
% Pt il M il
g FH | | |
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| |
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| |
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X-axis
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(4) 3-DOF parallel robot

Fig. 6: Planar 3-DOF 3-RRR parallel robot.

- Kinematic parameters: a=0A =150 mm, b=PB, =35 mm, I, =1, =100 mm

- The reference and moving frames are defined by
{O}: O—xy, {P}: P—uv

- The local frame of the ith leg is defined by
{A}: A-xy

- The position vector of A in the reference frame is given by
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0 —\/§/2 +\/§/2
a =r, y @, =T, y @z =1,
1 -1/2 -1/2

- The position vector of B, in the moving frame is given by

0 _
Pblzrb|:1:| ) Pb2=rb|: \/§/2:| , Pb3=rb|:+\/§/2:|

-1/2 -1/2

- The vector of d, = AB;, in the reference frame is written by

d=p+R"b —a

where p=OP and the rotation matrix is R :[

Cp —S¢@
s co |

- Expressing d, = AB, in terms of joint angles gives

d; =1l +1,c(6 +v,)
dyi = |1S‘9i + Izs(ei ‘H//i)

- Rewriting Eqg. (4) and Eq. (5) yields

d; —Led =1,c(6 +vy,)
dyi —1s6, =1,5(0, +vy;)

- Taking the sum of squares of Eq. (4’) and Eq. (57), w, can be eliminated by

e,;S0. +e,co +e,;; =0

where,

(1)

)

©)

(4)
(5)

(4%)
(5)

(6)
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€ = _2|1d yi ?
€ = _2|1dxi '
€si :d><2i+dy2i+|12_|22 (7)

- Eq. (7) can be written by

(e3i — €, )ti2 + 2eliti + (e3i + eZi) =0 (8)
where, t; = tan% :

- Solving Eq. (8) for & gives

—e, +./e2 +el —e’
ei — 2 tan -1 1i 1i 2i 3i (9)

€ — €,

- In Eq. (9), negative sign is chosen because each leg has the elbow-down configuration in

the local frame.

4) MATLAB Example

y-axis
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[2] Velocity and Statics Analysis and MATLAB Practice
(1) 2-DOF serial robot

- Taking the derivative of position vectors with respect to time, the Jacobian matrix for the

2-DOF serial robot can be obtained by

Py = aicel + a2C912 (1)
p, = aisel + a25912 (2)

- The velocity relation is given by

v, 6,
HJM ©

where [v,, vy]T is the velocity at the end-effector, [91, 92]T is the joint angular velocity,

and the Jacobian matrix is

= (4)

-a,80, —a,s0, -a,s6,
a,co, +a,co, a,co,

- The statics relation can be derived from the principle of virtual works.

21 r| B
Lj:J {fy} (5)

where [f,, fy]T is the force at the end-effector, and [7,, z,]" is the joint torque vector.

(2) 3-DOF serial robot
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Taking the derivative of position vectors with respect to time, the Jacobian matrix for the

3-DOF serial robot can be obtained by

q, = aicel + a2C912 + asc‘9123 (1)
q, = &80, + 8,56, + ;56 (2)
p=0+0,+0, 3)

The velocity relation is given by

Vx 91
v, =316, (4)
a)z 93

where [v,, v,, ,]" is the velocity at the end-effector, [6,, 6,,6,]" is the joint angular

velocity, and the Jacobian matrix is

_31501 - a28912 - a359123 _a25912 - a339123 _3359123
J= a1C91 + azcgu + a3C9123 a2C912 + a3c0123 a3c9123 (5)
1 1 1

The statics relation can be derived from the principle of virtual works.

Tl fx
7, |=37| 1, (6)
7, n,

where [f,, f,, n,]" is the force and moment at the end-effector, and [z;, 7,, 7,]" is the

joint torque vector.
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(3) 5-bar robot

- The vectors are defined by

BC
—r %2
|c|

3

rlzﬁ?;, rzzﬁ, u =

- The force at the end-effector ( f =[f,, fy]T) is in static equilibrium with the joint force

(f,, f,)atpoints B and C.

f=uf +u,f,

~[u uz]ﬁj )

- The joint force has the relation with the joint torque (7 =[z,,7,]" ) given by

7 el [
2 (ryxu,)-k [§)

- Then, the statics relation between the force at the end-effector and the joint torque is

derived by

©)
=Jr
where the Jacobian matrix is given by
-k o I
J :[ul uz] (1) (4)
0 (r,xu,) k
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- The velocity relation can be derived from the principle of virtual works.

HEH

where [v,, vy]T is the velocity at the end-effector, and [6’1, éz]T is the joint angular

velocity.
(4) 3-DOF parallel robot

- The vectors are defined by

. B .

r=AM,, u=r———, r, =PB
MB|

<

- The force and moment at the end-effector (fz[fx,fy]T, and n,) are in static

equilibrium with the joint force ( f;) at point B, .
fl
f _ u u, u; f (1)
n, (raxw) -k (r,xwu,) -k (rgxu) -k f2
3

- The joint force has the relation with the joint torque (z =[z,,7,,7,]" ) given by

-1

f, (nxu)-k 0 0 7,
f, |= 0 (r,xu,) -k 0 7, (2)
f, 0 0 (ryxuy)- k| |,

- Therefore, the statics relation between the force at the end-effector and the joint torque is
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given by
(rxu) k 0 o I
f:{ = "2 “ } 0 (r,xu,) k 0 T
(raxw) -k (r,xu,) -k (rgxu) -k 0 ? 02 (ry x ;) -k 3)
=Jr
where the Jacobian matrix is
(rnxu) k 0 o T
J:[ “ % “ } 0  (xw)k O )
(relxul)‘k (rezxuz)'k (re3><u3)-k 0 ? 02 (rsxus)-k
- The velocity relation can be derived from the principle of virtual works.
91 Vx
6, |=3"v, (5)
6.3 a)z

where [v,, vy,a)z]T is the linear and angular velocity at the end-effector, and

[6,, 6,,6,]" is the joint angular velocity.
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(5) MATLAB practice

- When the 2-DOF serial robot with a =0.1, a, =0.1[m] is at the position of & =0°

and @, =90, determined the joint velocity and torque to generate the end-effector

_ Vv, 0.1 f, 0
velocity and force, = [m/sec] and = [N].
v, | 0.1 f,| [10

[skm_2dof Jacobian.m]

function [J=skm_2dof Jacobian()
clc;

D2R=pi/180;

% Robot parameters %

al=0.1; a2=0.1; % [m]
param=[0,a1,0; 0,a2,0];

th=D2R*[0,90];
[J]=Jacobian_Matrix(th, param);

% Joint Velocities %
v=[0.1,0.1]; % [m/s]
th_dot=inv(J)*v;

% Joint torques %
f=[0,10]"; % [N]
tau=J"*f;

disp(‘Jacobian Matrix');
disp(J);

disp(‘Joint velocity [rad/s]");
disp(th_dot";

disp('Joint torques [Nm]");
disp(tau");

function [J]=Jacobian_Matrix(th, param)

al=param(1,2); a2=param(2,2);

thl=th(1,1); th2=th(2,1);

% Jacobian Matrix %

J=[-al*sin(th1)-a2*sin(th1+th2), -a2*sin(th1+th2);...
al*cos(thl)+a2*cos(th1+th2), a2*cos(th1+th2)];
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[3] Dynamics Analysis and MATLAB Practice

(1) Introduction

1) Dynamics equation

- In general, most mechanical systems can be modeled with the second-order differential

equations.
d?x , dx
m—+b—+kx=F_(t 1
dtZ + dt + EX'[( ) ( )

VIO IIIII4

kx b dx/dt

. N

m

J Fext

free-body diagram

m of mass
Fext x

Fig. 7: Equation of motions and free-body diagram.

- Considering a falling sphere, its dynamics equation is modeled by

2
mdy

a (2)
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+y

=

=-mg

- The dynamic simulation is to determine the position, velocity, and acceleration of an
object for given external force. The motion can be calculated by taking the integral of

dynamic equation with respect to time. For example,

_dy
a(t)_ dtg - g,
v(t):j-a(t) dtzj'—g dt = —gt, 3

S(t) = iv(t) dt = j;(—gt) dt = —%gtz

- For g=9.81m/sec’, the position, velocity, and acceleration of a falling sphere are

plotted by
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- The following is the MATLAB program of the simulation. Save it as “plot_sva.m” and

type “plot_sva” in the command window to run the program.
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[plot_sva.m]

function plot_sva

g=9.81,; % Gravity=9.81 m/s"2 %
t=0:0.1:1;

s=-0.5*g*t."2; v=-g*t; a=-g*ones(1,11);

figure(1)

subplot(1,3,1), plot(t,s);

xlabel(‘time [sec]); ylabel('displacement [m]"); grid on;
subplot(1,3,2), plot(t,v);

xlabel('time [sec]’); ylabel('velocity [m/sec]); grid on;
subplot(1,3,3), plot(t,a);

xlabel('time [sec]’); ylabel(‘acceleration [m/sec”2]’); grid on;

2) State-space representation
- The state-space representation is expressed by
x(t) = f(x(1))

- For example, an nth order differential equation is

n n-1
M+a d y+---+a13—¥+a0y:u

T

- Defining n state variables (a, =1) as

=Y

X, =Y=X

XS_y_XZ
n-1

24y

n— dtn_l - Xn—l

- Rewriting Eqg. (6) gives,

(4)

(5)

(6)
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X =X,
Xy = Xq
Xn—l = Xn (7)
. d"y dy d"ty
X, = =—q,y-a———a,_,——+U
"ot oV A "t
= 8K — X, == 84X, +U
- Inamatrix form,
%] [0 1 0 |x] [0]
0 01 0 : :
= . oo N (8)
: 0
_Xn_ L a, —a,, __Xn_ _1_
Or,
% =Ax+bu (©)
- The output vector y is written by
y=[10,...0]x =c"x (10)
[Example 1]
d?y
Express m preae —mg in the state-space representation.
(Solution)
State-space variables:
RTY Oy BT
X=Y=X% X,=¥Y=-0

The matrix form is
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o ol Gl > e

[Example 2]
d’y _dy . .
Express mF + ba +ky =u in the state-space representation.
(Solution)

State-space variables:

=Yy
X, =Y =% X,=§=——y-——— 4

The matrix form is

3) Dynamic simulation using MATLAB
- Let’s do the dynamic simulation for the falling stone by using MATLAB. Use the state-
space equation (x = Ax+bu) in Example 1, and use the numerical integration function,
“0ded5”. The usage of the function is given by
[T, Y] = solver(odefun,tspan,y0,options)

- Open new function and save as “falling_sphere.m”. Run the program and check the result.

[falling_sphere.m]

function [T, Y]=falling_sphere

g=9.81, % Gravity=9.81 m/s"2 %
A=[0,1;0,0]; b=[0; -1]; u=g;
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tspan=[0,1]; % t0=0, tf=1 sec %

y0=[0;0]; % s0=0, v0=0 %

options = odeset('RelTol',1e-4,'AbsTol',[1e-4 1e-4]);

[T,Y] = oded5(@(t,y) falling_stone(t, y, A, b, u),tspan,y0,options);

figure(1)

subplot(1,2,1), plot(T,Y(:,1));

xlabel('time [sec]’); ylabel(‘displacement [m]’); grid on;
subplot(1,2,2), plot(T,Y(:,2));

xlabel('time [sec]’); ylabel('velocity [m/sec]); grid on;

function dy=falling_stone(t,y, A, b, u)
dy=A*y+b*u;

0 i i i i
| | | |
| | | |
! | | |
2F - N T T T T o [ [
| | | |
= — | | | |
£ 2 | | | |
e é i [ D N [
[}
£ < l l l l
g £ | | I |
5 o bF---- == Nl - -
@ [ | | | |
o > | | | |
| | | |
8- - - - N [ N —
| | | |
| | | |
| | | |
-10 1 1 1 1
0 0.2 0.4 0.6 0.8 1
time [sec] time [sec]
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(2) 1-DOF equation of motion
- The state-space representation for 1-DOF equation of motion is given by

f =mX+Dbx +kx 1)
- State-space variables:

., > . o k, b, u_ k., b 1 (2)
XZZX:X]_ X2:y:_EX_HX—I—E:_EXl_HXZ—}_Ef

- The matrix form is
. 0 1 0
P}: kb P} 1|f 3 i=Ac+bf 3)
X2 m  mlXd [m

(Ex) Forward dynamics simulation of a 1-DOF mechanical system
f =0 (free vibration), x(0)=1[m], x(0)=0

Under damped system Critically damped system Ower damped system

displacement [m]
displacement [m]
displacement [m]

time [sec] time [sec] time [sec]

[mechanical_system.m]

function [T, Y]=mechanical_system

f=0; % Free Vibration %
tspan=[0,10]; 9% t0=0, tf=1 sec %
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y0=[1;0]; % s0=0, v0=0 %
options = odeset('RelTol',1e-4,'AbsTol',[1e-4 1e-4]);

%% (1) Under Damped

% mass-damper-spring constants %

m=1; b=0; k=1,

% State-space Equation %

A=[0,1;-k/m,-b/m]; b=[0; 1/m]; u=f;

[T1,Y1] = oded5(@(t,y) equation_of motion(t, y, A, b, u),tspan,y0,options);

%% (2) Critically Damped

% mass-damper-spring constants %

m=1; b=2; k=1,

% State-space Equation %

A=[0,1;-k/m,-b/m]; b=[0; 1/m]; u=f;

[T2,Y2] = oded5(@(t,y) equation_of motion(t, y, A, b, u),tspan,y0,options);

%% (3) Over Damped

% mass-damper-spring constants %

m=1; b=10; k=1;

% State-space Equation %

A=[0,1;-k/m,-b/m]; b=[0; 1/m]; u=f;

[T3,Y3] = oded5(@(t,y) equation_of motion(t, y, A, b, u),tspan,y0,options);

figure(1)

subplot(1,3,1), plot(T1,Y1(:,1));

title('Under damped system");

xlabel('time [sec]’); ylabel(‘displacement [m]"); grid on;
subplot(1,3,2), plot(T2,Y2(:,1));

title(‘'Critically damped system’);

xlabel(‘time [sec]); ylabel('displacement [m]"); grid on;
subplot(1,3,3), plot(T3,Y3(:,1));

title('Over damped system’);

xlabel('time [sec]’); ylabel(‘'displacement [m]’); grid on;

function dy=equation_of motion(t, y, A, b, u)
dy=A*y+b*u;

(3) Dynamic Analysis of the 2-DOF serial robot

a, and a, denote the distances from joints to mass centers, and the mass moments of

inertiaare I, and I ,.

- Dynamic equation using Lagrangian method:

, , . , .
Tl = (mlacl + m2 (al + aCZ) + 2m2alac2092 + Icl + ICZ)el + (mZa’CZ + mZalaCZCQZ + ICZ)HZ

- mzaiaczsez (29192 + 922) +0. (mlac1C‘91 +m, (a'lc‘gl + ac2C612 ))
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» " » " -
TZ = (mZaCZ + mZaiaCZCHZ + ICZ)el + (mZaCZ + ICZ)HZ + m2a1ac259291 + mZQCaCZCelZ

- Dynamic equation for an ideal case:

2 2

_& a _Mma, _ Mya,
acl - ' acz I I

2

_% —
2 % 127 % 12

7, = ((% m, +m,)a’ +m,a,a,cé, +%mza§jél +G m,a,a,cé, +%m2a§jéz
o1, 1 1
- mzalazsez (91‘92 +§‘92 ) + gc (E ml + mz)alcgl +§ m2a2c912

T, = lmza@zcag +1m2a22 91 + 1mzazz éz + lmzaﬂLazs"gz 912 +lngcaZCHlZ
2 3 3 2 2
- Inamatrix form,
|:T1:|:|:Mll M12:||:é1:|+|:cll C12:||:91:|+|:Gl:|
7, M21 M22 92 C21 C22 02 GZ

The state-space representation is

For @ = Ql ,
92

x, =0

X, =X,
> X, =0=M"(0)[-C(0.0)0-G(0)+]
=M™ (x,) [_C (31, ,)x, —G(x;) + T]

x,=0=x,

where x;,x,,0 are 2x1 vectors.

)

(3)

(4)

(3)

(4)

[Ex1] Forward dynamics simulation for the 2-DOF serial robot with a, =1, a, =0.5 [m],

m, =1, m, =0.5 [kg], the initial condition ¢,(0)=-30",6,(0)=0".
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-20
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&
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thl [deg]
th2 [deg]

-100
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-140

-160
0
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[Ex2] Inverse Dynamics Analysis for the 2-DOF serial robot with the following mass

properties:
m1=0.363[kg], al=100, ac1=87.74[mm], Ic1=313.923[kgmm?],

m2=0.075[kg], a2=100, ac2=41.68[mm], 1c2=109.864[kgmm?],
9=9806.65[kg m/s?],

p,(0)=100, p,(0) =100 — p,(5) =-100, p,(5) =100 [mm]
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400

[wwpN] anbio

time [sec]

[Ex3] Dynamic Analysis of the 3-DOF serial robot

Considering only gravity terms, the actuator torques are determined by

9 (M,a,,c6, +m, (8,06, +2,,CH,) + M, (8,06, +28,06;, +8:5C0,5;))

T, =

c (mZaCZCHlZ + m3 (aZCHZLZ + aC3C0123))

=9

17

m3 gc aCSC9123

T, =
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[Reference] Trajectory Planning using a Cubic Polynomial

O(t) = a, + at +at’ +a,t’

1)

- The initial and final conditions:
0(0)=6, 6(0)=86, @
e(tf)zef ’ é(tf)zéf

- The coefficients are determined by
a, =6,
Q= 6}0
1

azzt—z(ﬁf _90)_t_90_t_‘9f (3)
f f f

a; = _t_3(9f _00)+t_2(9f +6,)
f f

The position, velocity, and acceleration are calculated with the following functions:
O(t) = a, +at +at’ +a,t’

O(t) = a, + 2a,t + 3a,t* (4)

6(t) = 2a, + 6a,t

Pos

Vel

Acc
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(4) MATLAB practice

- The following program is the inverse dynamics analysis of the 2-DOF serial robot.

[dyn_2dof.m]

function []=dyn_2dof()
clear all;

a1=100; a2=100;
x0=[al,a2];
xf=[-al,a2]’;
tf=5; dt=0.001;

x=zeros(2,1); x_dot=zeros(2,1); x_ddot=zeros(2,1);
[c] = coeff_3rd(x0, zeros(2,1), xf, zeros(2,1), tf);

n=1;
for t=0:dt:tf
for ch=1:2
x(ch,1)=c(ch,1)+c(ch,2)*t+c(ch,3)*t"2+c(ch,4)*t"3;
x_dot(ch,1)=c(ch,2)+2*c(ch,3)*t+3*c(ch,4)*t"2;
x_ddot(ch,1)=2*c(ch,3)+6*c(ch,4)*t;
end
[th]=inverse_kinematics(x);
[th_dot, th_ddot]=derivatives(th, dt);

% Required Torques %
[T]=dynamics(th_ddot, th_dot, th);
x_data(n,1)=t;
y_datal(n,:)=[x(1,1), x_dot(1,1), x_ddot(1,1)];
y_data2(n,:)=T,
n=n+1;

end

figure(1)

subplot(2,1,1), plot(x_data, y_datal);

xlabel(‘time [sec]); ylabel('pos[mm], vel[mm/s], acc[mm/s"2]"); grid on;
subplot(2,1,2), plot(x_data, y_data2);

xlabel(‘time [sec]); ylabel('Torque [Nmm]"); grid on;

function [v, a]=derivatives(x, dt)
global MAX_CH
persistent xp vp

if isempty(xp), xp=x; end
if isempty(vp), vp=zeros(MAX_CH,1); end

v=(X-xp)/dt;
a=(v-vp)/dt;

% Back substitutions %
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XP=X; VP=V;
function [th,w_index]=inverse_kinematics(xd)

w_index=1; % In workspace %
al=100; a2=100;

% (1) Calculate th2 %
px=xd(1,1); py=xd(2,1);
kapha=(px"2+py”~2-al”2-a22)/(2*al*a2);
if abs(kapha)>1
w_index=-1; % Out of Workspace %
kapha=1;
end
th2=+acos(kapha); % Elbow Down %
%th2=-acos(kapha); % Elbow Up %

% (2) Calculate thl %
delta=al~2+a2/2+2*al*a2*cos(th2);
cthl=(px*(al+a2*cos(th2))+py*a2*sin(th2))/delta;
sthl=(-px*a2*sin(th2)+py*(al+a2*cos(th2)))/delta;
thl=atan2(sthl, cthl);

if th1<0, th1=th1+2*pi; end % 0<th<360 %

th=[th1, th2]’;

function [T]=dynamics(th_ddot, th_dot, th)
% Robot Parameters %

m1=0.363; a1=100; ac1=87.74; 1c1=313.923;
m2=0.075; a2=100; ac2=41.68; 1c2=109.864;
g=9806.65;

% State Variables %
thl=th(1,1); th2=th(2,1);
thl_dot=th_dot(1,1); th2_dot=th_dot(2,1);

M(1,1)=ml1*acl”2+m2*(al*2+ac22)+2*m2*al*ac2*cos(th2)+Icl+Ic2;
M(1,2)=m2*ac2”2+m2*al*ac2*cos(th2)+Ic2;

M(2,1)=M(1,2);

M(2,2)=m2*ac2"2+Ic2;

C(1,1)=-m2*al*ac2*sin(th2)*(2*th1l_dot*th2_dot+th2_dot"2);
C(2,1)=m2*al*ac2*sin(th2)*thl_dot"2;

G(1,1)=g*(m1*acl*cos(thl)+m2*(al*cos(thl)+ac2*cos(th1+th2)));
G(2,1)=m2*g*ac2*cos(th1+th2);

T=0.001*(M*th_ddot+C+G);

Yo-----m-m-m - Trajectory Functions
function [c] = coeff_3rd(sp, sv, ep, ev, tsec)
MAX_CH=2;

c=zeros(MAX_CH,4);
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for ch=1:MAX_CH
c(ch,1)=sp(ch,1);
c(ch,2)=sv(ch,1);
c(ch,3)=(3.0*(ep(ch,1)-sp(ch,1))-(2.0*sv(ch,1)+ev(ch,1))*tsec)/(tsec*tsec);
c(ch,4)=(-2.0*(ep(ch,1)-sp(ch,1))+(sv(ch,1)+ev(ch,1))*tsec)/(tsec*tsec*tsec);
end

[forward_2dof.m]

function [T, Y]=forward_2dof()
D2R=pi/180; R2D=180/pi;

tspan=[0,5]; % t0=0, tf=5 sec %

y0=D2R*[-30;0;0;0]; % th1_0=-30, th2_0=0, th1_dot_0=0, th2_dot_0=0 %
options = odeset('RelTol',1e-6,'AbsTol',[1e-6 1e-6 1le-6 1e-6]);

[T,Y] = oded5(@equation_of motion,tspan,y0,options);

figure(1)

subplot(1,2,1), plot(T,Y(:,1)*R2D);
xlabel('time [sec]"); ylabel('th1 [deg]); grid on;
subplot(1,2,2), plot(T,Y(:,2)*R2D);
xlabel('time [sec]); ylabel('th2 [deg]); grid on;

% simulation %
figure(2)
axis([-1.5, 1.5, -2, 1]); axis square
xlabel('x-axis'); ylabel('y-axis");
L1=1; L2=0.5; param=[0,L1,0; 0,L2,0];
size_Y=size(Y);
for n=1:size_Y(1)
cla;
th(1,1)=Y(n,1); th(2,1)=Y(n,2);
draw_2dof_robot(th, param);
pause(0.02);
end

%% Dynamics
function dy=equation_of _motion(t, y)

% Robot Parameters %

ml1=1; m2=0.5; L1=1; L2=0.5; g=9.81,

% State Variables %

thl=y(1,1); th2=y(2,1); thl_dot=y(3,1); th2_dot=y(4,1);

M(1,1)=((1/3)*m1+m2)*L1"2+m2*L1*L2*cos(th2)+(1/3)*m2*L2"2;
M(1,2)=(1/2)*m2*L1*L2*cos(th2)+(1/3)*m2*L2"2;

M(2,1)=M(1,2);

M(2,2)=(1/3)*m2*L2"2;
C(1,1)=-m2*L1*L2*sin(th2)*(th1_dot*th2_dot+(1/2)*th2_dot"2);
C(2,1)=(1/2)*m2*L1*L2*sin(th2)*th1l dot"2;
G(1,1)=g*(((1/2)*m1+m2)*L1*cos(thl)+(1/2)*m2*L2*cos(th1+th2));
G(2,1)=(1/2)*m2*g*L2*cos(th1+th2);

T(1,1)=0;

T(2,1)=0;
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dy(1:2,1)=[th1_dot; th2_dot];
dy(3:4,1)=inv(M)*(-C-G+T);

%% Draw Functions

%p-------- Draw a 3-DOF Planar Robot
function draw_2dof_robot(th, param)

% Draw the First Link %
TO01=Transformation(th(1,1), param(1,:));
p1=[0,0,0]; p2=T01(1:3,4);

lw=4; clr=[0.5,0.1,0.1];
draw_line(p1,p2,lw,clr);

% Draw the Second Link %
T02=T01*Transformation(th(2,1), param(2,:));
p1=T01(1:3,4); p2=T02(1:3,4);

lw=4; clr=[0.1,0.5,0.1];
draw_line(p1,p2,lw,clr);

%-------- Draw a Frame

function draw_frame(T, sc)

p1=T*[0,0,0,1]’; p2=T*[sc,0,0,1]’; lw=2; clr=[1,0,0];
draw_line(p1,p2,lw,clr);

p1=T*[0,0,0,1]’; p2=T*[0,sc,0,1]’; lw=2; clr=[0,1,0];
draw_line(p1,p2,lw,clr);

p1=T%*[0,0,0,1]"; p2=T*[0,0,sc,1]’; lw=2; clr=[0,0,1];
draw_line(p1,p2,lw,clr);

%------- Draw a Line
function draw_line(p1, p2, lw, clr)
line([p1(1,1),p2(1,1)],[p1(2,1),p2(2,1)],[p1(3,1),p2(3,1)], LineWidth’,lw,'Color',clr);

%p------ Draw a Box %%% Multifaceted Patches
function draw_box(T, sc)
vt0=[0,0,0,1; sc,0,0,1; sc,sc,0,1; 0,sc,0,1; 0,0,sc,1; sc,0,sc,1; sc,sc,sc,1; 0,s¢,s¢,1]';
fm=[1,2,6,5; 2,3,7,6; 3,4,8,7; 4,1,5,8; 1,2,3,4; 5,6,7,8];
vt1=T*vt0; vm=vt1(1:3,:)"
patch('Vertices',vm, Faces',fm,...
'FaceVertexCData',gray(8), FaceColor', flat");

%% Homogeneous Transformation Matrix %%
%------- Rotation matrix about the X-axis
function [T]=Rotx(th)

cx=cos(th); sx=sin(th);

T=[1,0,0,0; 0,cx,-sx,0; 0,sx,cx,0; 0,0,0,1];
%------- Rotation matrix about the Y-axis
function [T]=Roty(th)

cy=cos(th); sy=sin(th);

T=[cy,0,sy,0; 0,1,0,0; -sy,0,cy,0; 0,0,0,1];
%p------- Rotation matrix about the Z-axis
function [T]=Rotz(th)

cz=cos(th); sz=sin(th);

T=[cz,-s2,0,0; sz,cz,0,0; 0,0,1,0; 0,0,0,1];
%p-------- Translation along the X, y, z axes
function [T]=Trans(p)
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T=[1,0,0,p(1,1); 0,1,0,p(2,1); 0,0,1,p(3,1); 0,0,0,1];
function [T]=Transformation(th, param)
alpha=param(1); a=param(2); d=param(3);
T=Trans([0,0,d])*Rotz(th)*Trans([a,0,0]")*Rotx(alpha);

Modeling, Design, and Control of Robotic Mechanisms (MathWorks/Kyungnam Univ.) -47-

© 00




